
 

3 Wess Zunino Witten model

In this paragraph we take our Lie group
to be G SUCH
The Maurer Cartan form a X DX X e SUCH

is a l form on G with values in the

Lie algebra suc2 of G
Next define the 3 form

F Tr unman

If we parametrize an element of such by
X Coto 07 expligotta

where tj j I 2,3 are the Pauli matrices
then we can write

TGI Idf'd0 do Eid Tr 3 x II 3
invariant under coordinate Hfs as

eirik 3 Detf ee n

Also invariant under small deformations
X Xt SX



Proofi
STIX 3 do'd0 d0 e it Tr G f x ftp.sfx Iff

idk ga ki g ki j

Now the last factor in the trace is

Sfx 3 X tsx x 3 t x 3
TSX SH X It x 8 5 X t X

expfeogfktx.SN 1 X x SXx tGfsx7
X zo.fsxx Ix

T affix t Sx

X 2X

X 2 Gx
Ion

X

L X SX x II
Inserting into C and integrating by partsgives

STH 3 fdod Gdoseiiktrfxtfof.fr x Y3ftjx sx
x Iff x ftp axYsx

O II



T X Tfc where c is the homotopy

class to which Xfo belongs

The integrals TK furnish a representation

of the homotopy group MUCH
1 Ca xCb Tha t Tkb

ca x Cb consists of mappings equivalent to
Xabfo Xa 201,02,03 OEO E's

Xb 201 1,02 ED E EE E I

part of the integral Tkab over Oso et
and E E 0 El can be done by changing
variables to 0,1 20 and 0 20 I

T Ca TCG

In particular TG nice
and Ts SUCH Z

The result of performing such tf with par E
followed by one with par 9 is

XcelHot XCoco et a

Zoe xculzfehf.fi 3ff



Is zojexcoizxfI xto.infoi e

integrand T at point E is

ciiktrfx to72ff.fi x to72fIoiIxto73f
DetffIo ee Trfxcotzxf.IE x lot fLxlot

Now SUCH like every Lie group has a metric

rig ITHtot III x lot
Sig t GOI

l 2

sexier E Ernie I

Lwhere Q fi or 0,2 07 05 042 1 5

Then tijl 0 has the property

risto't 3Eo 38 Helot

Detffeo.tlsettfiIFsTCxl

ciikTrfxtot2ffI.Ix Coltsfoot x lot38
CDet

d DetHoyt



Evaluate 0 0 by integrating over 0

Using XIA It 2ioiti we compute

T X Gif Eid Tr Hito ti

iD IdO tDetroit
Further using

Det Hot 2

we get
THI 8ieiiktrftitg.tk fdO

and finally using
4tito fig 2iciiete and Tr tetra I Sek

we see that
8 Eid Tr titg.tn 2icijkciik

1ziJdoT 2f4trIdrI 2it

integral runs twice CE Dover interior ofunit bae

Altogether
T c 24T v v C 2 winding

number



From now on we take

1 x f r where o
z
Tr nauru

53
Then the above shows Te H3 SUCH E

i e o is volume form of SUCH
Wess Zunino Witten action

Let be a compact Riemann surface
with 22 0
Let f G be a smooth map

Define
Ei FifTrff 2frf If

as the energy of f
Definition
The Wess Zunino Witten action Self
is defined by
Selft Edf Ft Tr Fdfnfdfitat

where B is compact oriented smooth 3 manifol
with 213 2 and I B G s.tt e f



Idf is pull back of Maurer Cartan
form u X DX by f

Lemma

expf Self does not depend on choice of
B and extension f
Proof
Consider second 3 manifold B with 213k E
and f B G sit I le f
Define 3 manifold M Bute B where

B is B with reverse orientation

Let F M G be a smooth map

with FIB p and FIB F Then

III fgtrffdfnfdfrf tdfl

fg.IT f df'rf dfnf'df

kfyF o As r eHYO 2 FEEL



expf IS Cfl exp 2mi kfmF o I

C 2

In other words expfss.CA does not depend on

choice of B and extensions F

The term

Ft TrfFdfrFdfnFdf
is called Wess Zunino term


